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1. Introduction

It is well known that symplectic geometry is the natural geometric framework to

study Hamiltonian mechanical systems [1, 2, 40, 50]. When dealing with time-

dependent mechanical systems, cosymplectic geometry is the appropriate frame-

work to work with [11, 13, 32]. These two geometric structures have been gener-

alized to the so-called k-symplectic and k-cosymplectic structures in order to deal

with autonomous and non-autonomous field theories [3, 27–29, 51, 55, 59, 60].

In recent years, the interest in dissipative systems has grown significantly. In

part, this is due to the incorporation of contact geometry [5, 38, 42, 47] to the

study of non-conservative Lagrangian and Hamiltonian mechanical systems [7, 9,

22, 24, 34]. This approach has proved to be very useful in many different problems in

areas such as thermodynamics, quantum mechanics, general relativity, Lie systems,

control theory among others [8, 14, 19, 30, 31, 37, 41, 47, 52, 54, 62, 63]. Recently,

the notion of cocontact manifold has been developed in order to introduce explicit

dependence on time [4, 15, 20, 36, 58].

This growing interest has driven researchers to look for a generalization of k-

symplectic and contact geometry in order to work with non-conservative field the-

ories. This new geometric framework is called k-contact geometry, and has already

been applied to the study of both Hamiltonian and Lagrangian field theories in the

autonomous [33, 35, 56] and non-autonomous [57] cases. The contact formulation

of mechanics has also been generalized to describe higher-order mechanical systems

in [18]. The Skinner–Rusk formalism has also been studied in detail for both con-

tact [16] and k-contact systems [44]. Recently, the notion of multicontact structure

has been introduced [17], generalizing the multisymplectic framework to deal with

non-conservative field theories. The Herglotz principle [25, 45, 46, 61] provides a

variational formulation for contact Hamiltonian systems. There have been several

attempts [39, 49] to generalize this theory to field theories.

In this paper, we will derive this principle in a more general geometric language

and compare it to the existing approaches. In order to do that, we will review

three different formulations of the Herglotz principle for mechanics, the implicit

version, the vakonomic version, and the non-holonomic version. In order to find

a Herglotz principle for higher dimensions, we will generalize the vakonomic and

the non-holonomic versions of the Herglotz principle for mechanical systems. We

will see that the non-holonomic approach yields the same field equations as in

the k-contact [35, 57] and multicontact [17] formalisms. On the other hand, in

contrast to what happens in mechanics, using the vakonomic approach, we obtain

an additional condition that must be fulfilled. This new equation implies that the

k-contact and multicontact Lagrangian formalisms are not fully equivalent to the

vakonomic variational principle introduced in this paper. One of the examples of

the last section will illustrate this fact.

The vakonomic Herglotz variational principle for first-order field theories is then

extended to a suitable Herglotz principle for higher-order non-conservative field
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theories. As an example, the Korteweg–de Vries (KdV) equation [48] is discussed.

This equation arises from a second-order Lagrangian and is used to model waves in

shallow waters. In order to have a dissipative behavior, we add a standard damping

term to the KdV Lagrangian and use the variational principle to derive a non-

conservative version of the KdV equation.

This paper is arranged as follows. Section 2 offers a review of the Herglotz

principle in mechanics. In particular, we see three different approaches: the implicit

version, the vakonomic version and the non-holonomic version. Section 3 is devoted

to extend the Herglotz variational principle from mechanics to field theory using the

vakonomic and the non-holonomic approaches. In Sec. 4, we generalize the results

given in Sec. 3 to the case of higher-order Lagrangian densities using the vakonomic

variational principle.

Finally, Sec. 5 is devoted to study some examples of the theoretical framework

developed above. The first example deals with a first-order system consisting of a

damped vibrating string with friction linear to the velocity. The second example

shows that, as said before, the vakonomic variational principle for field theories and

the k-contact formulations are not equivalent. We present an academic example

consisting in taking the Lagrangian of the previous example and slightly modifying

the damping term. In this case, we find a solution to the k-contact Euler–Lagrange

equations that does not satisfy the additional condition arising from the vakonomic

principle. The last example deals with the KdV equation, which arises from a

second-order Lagrangian.

Throughout this paper, all the manifolds are assumed to be real, connected and

second countable. Manifolds and mappings are assumed to be smooth. The sum

over crossed repeated indices is understood.

2. The Herglotz Principle in Mechanics

The Herglotz principle, in simple terms, might be explained as follows. Given a con-

figuration manifold Q, consider a Lagrangian function L : TQ×R → R depending

on the positions qi, the velocities q̇i and an extra variable z that we can think of

as the action, but we will soon discuss its meaning in more detail. The Herglotz

variational principle states that the trajectory of the system c(t) is a critical point

of the action ζ(1), satisfying c(0) = q0, c(1) = q1, ζ(0) = z0 and⎧⎪⎨⎪⎩
dζ

dt
= L(c, ċ, ζ),

ζ(0) = z0.

We note that the action is given by

ζ(1) =

∫ 1

0

dζ

dt
dt+ ζ(0) =

∫ 1

0

L(c(t), ċ(t), ζ(t))dt + z0, (2.1)

which, if the Lagrangian does not depend on z, coincides with the usual Hamilton’s

action up to a constant.
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A slight modification of this principle, that is the one we will prefer in this

paper, is to consider the action as the increment of z, that is,

ζ(1) − ζ(0) =

∫ 1

0

dζ

dt
dt =

∫ 1

0

L(c(t), ċ(t), ζ(t))dt, (2.2)

which coincides exactly with Hamilton’s action if the Lagrangian L does not depend

on z. Since both definitions of the action differ only by a constant z0, their critical

curves are the same. Indeed, they are the curves c such that (c, ċ, ζ) satisfy Herglotz’s

equations:

∂L

∂qi
− d

dt

∂L

∂q̇i
=
∂L

∂q̇i
∂L

∂z
. (2.3)

To be more precise, we distinguish two possible equivalent interpretations of

this principle. We can either understand it as an implicit action principle for curves

c on Q, or as a constrained but explicit action principle for curves (c, ζ) on Q×R.

The three different ways to formalize the Herglotz principle that we will see in this

section are based on [25]. Another version can be found in [21].

2.1. Herglotz principle: Implicit version

For the first interpretation, we consider the (infinite-dimensional) manifold Ω(q0, q1)

of curves c : [0, 1] → Q with endpoints q0, q1 ∈ Q. The tangent space of TcΩ(q0, q1)

is the space of vector fields along c vanishing at the endpoints. That is,

TcΩ(q0, q1) = {δc | δc(t) ∈ Tc(t)Q, δc(0) = 0, δc(1) = 0}.
Let z0 ∈ R and consider the operator

Zz0 : c ∈ Ω(q0, q1) �→ Zz0(c) ∈ C∞([0, 1] → R), (2.4)

where Zz0(c) is the only solution to the Cauchy problem⎧⎪⎨⎪⎩
dZz0(c)

dt
= L(c, ċ,Zz0(c)),

Zz0(c)(0) = z0,

(2.5)

that is, it assigns to each curve on the base space its action as a function of time.

This map is well-defined because the Cauchy problem (2.5) always has a unique

solution.

Now, the contact action functional maps each curve c ∈ Ω(q0, q1) to the incre-

ment of the solution of the Cauchy problem (2.5):

Az0 : Ω(q0, q1) → R

c �→ Zz0(c)(1) −Zz0(c)(0).
(2.6)

Note that by the fundamental theorem of calculus

Az0(c) =

∫ 1

0

L(c(t), ċ(t),Zz0(c)(t))dt.
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The following theorem states that the critical points of this action functional are

precisely the solutions to Herglotz equation [23].

Theorem 2.1 (Herglotz variational principle, implicit version). Let L :

TQ × R → R be a Lagrangian function and consider c ∈ Ω(q0, q1) and z0 ∈ R.

Then, (c, ċ,Zz0(c)) satisfies the Herglotz equations

d

dt

∂L

∂q̇i
− ∂L

∂qi
=
∂L

∂q̇i
∂L

∂z
,

if and only if c is a critical point of the contact action functional Az0 .

Proof. In order to simplify the notation, let ψ = TcZ(δv). Consider a curve cλ ∈
Ω(q0, q1), namely a family of curves in Q with fixed endpoints q0, q1 smoothly

parametrized by λ ∈ R, such that

δc =
dcλ
dλ

∣∣∣∣
λ=0

.

Since Z(cλ)(0) = z0 for all λ, then ψ(0) = 0.

We compute the derivative of ψ by interchanging the order of the derivatives

using the differential equation defining Z:

ψ̇(t) =
d

dλ

∣∣∣∣
λ=0

d

dt
Z(cλ(t)) =

d

dλ

∣∣∣∣
λ=0

L(cλ(t), ċλ(t),Z(cλ)(t))

=
∂L

∂qi
(χ(t))δci(t) +

∂L

∂q̇i
(χ(t))δċi(t) +

∂L

∂z
(χ(t))ψ(t).

Hence, the function ψ is the solution to the ODE above. Since ψ(0) = 0, neces-

sarily,

ψ(t) =
1

σ(t)

∫ t

0

σ(τ)

(
∂L

∂qi
(χ(τ))δci(τ) +

∂L

∂q̇i
(χ(τ))δċi(τ)

)
dτ, (2.7)

where

σ(t) = exp

(
−
∫ t

0

∂L

∂z
(χ(τ))dτ

)
> 0. (2.8)

Integrating by parts and using and that the variation vanishes at the endpoints, we

get the following expression:

TcA(δc) = TcZ(δc)(1) = ψ(1)

=
1

σ(1)

∫ 1

0

δci(t)

(
σ(t)

∂L

∂qi
(χ(t)) − d

dt

(
σ(t)

∂L

∂q̇i
(χ(t))

))
dt

=

∫ t

0

δci(t)σ(t)

(
∂L

∂qi
(χ(t)) +

d

dt

∂L

∂q̇i
(χ(t)) − ∂L

∂q̇i
(χ(t))

∂L

∂z
(χ(t))

)
dt,
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where we have used that

dσ

dt
(t) = −∂L

∂z
(χ(t))σ(t). (2.9)

Since this must hold for every possible variation, we have

σ(t)

(
∂L

∂qi
(χ(t)) +

d

dt

∂L

∂q̇i
(χ(t)) − ∂L

∂q̇i
(χ(t))

∂L

∂z
(χ(t))

)
= 0,

thus obtaining the Herglotz equation.

2.2. Herglotz principle: Vakonomic version

Another way to understand this principle is to think of it as a constrained variational

principle for curves on Q×R. This time, we will work on the manifold Ω̃(q0, q1, z0)

of curves c̃ = (c, ζ) : [0, 1] → Q × R such that c(0) = q0, c(1) = q1, ζ(0) = z0. Note

that we do not constraint ζ(1). The tangent space at the curve c̃ ∈ Ω̃(q0, q1, z0) is

given by

Tc̃Ω̃(q0, q1, z0) = {δc̃(t) = (δc(t), δζ(t)) ∈ Tc̃(t)(Q × R) | δc(0) = 0,

δc(1) = 0, δζ(0) = 0}. (2.10)

In this space, the action functional Ã can be defined as an integral

Ã : Ω̃(q0, q1, z0) → R

c̃ �→ ζ(1) − ζ(0) =

∫ 1

0

ζ̇(t)dt.
(2.11)

We will restrict this action to the set of paths that satisfy the constraint ζ̇ = L.

For this, we consider the paths at the zero set of the constraint function φL:

φL(q, q̇, z, ż) = ż − L(q, q̇, z). (2.12)

That is, we consider

Ω̃L(q0, q1, z0) = {c̃ = (c, ζ) ∈ Ω̃(q0, q1, z0) |φL ◦ ˙̃c = ζ̇ − L(c, ċ, ζ) = 0}. (2.13)

Note that, since the Cauchy problem (2.5) has a unique solution, the elements

(c, ζ) ∈ Ω̃L(q0, q1, z0) are precisely (c,Zz0(c)), where c ∈ Ω(q0, q1). That is, the

map Id × Zz0 : Ω(q0, q1) → Ω̃L(q0, q1, z0) given by (Id × Zz0)(c) = (c,Zz0(c)) is a

bijection, with inverse (prQ)∗(c, ζ) = c. Moreover, the following diagram commutes:

R

Ω(q0, q1) Ω̃L(q0, q1, z0)
Id×Zz0

A ˜A
(2.14)

Hence (c, ζ) ∈ Ω̃L(q0, q1, z0) is a critical point of the functional Ã if and only if c

is a critical point of A. So the critical points of A restricted to Ω̃L(q0, q1, z0) are

precisely the curves that satisfy the Herglotz equations.
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Another way to present this principle [43], which is equivalent under some tech-

nical conditions (see [65, Sec. 43.14.]) is the following:

Definition 2.2. A curve (c, ζ) ∈ Ω̃L(q0, q1, z0) satisfies the vakonomic Herglotz

variational principle if

T(c,ζ)A(ξ) =

∫ 1

0

L(c(t), ċ(t), ζ(t))dt = 0, (2.15)

for every vector field ξ along (c, ζ) vanishing at the endpoints such that Lξc(φL) = 0.

Here, φL = ż − L is the constraint.

Theorem 2.3 (Herglotz variational principle, vakonomic version). Let L :

TQ×R → R be a Lagrangian function and let (c, ζ) ∈ Ω̃L(q0, q1, z0). Then, (c, ċ, ζ)

satisfies the Herglotz equations :

d

dt

∂L

∂q̇i
− ∂L

∂qi
=
∂L

∂q̇i
∂L

∂z
, (2.16)

if and only if (c, ζ) satisfies the vakonomic Herglotz principle.

Proof. The curves which satisfy a vakonomic principle are the curves that satisfy

the Herglotz equations for the extended Lagrangian (see [43])

Lλ(q, z, q̇, ż) = ż − λφL(q, z, q̇, ż).

Since the endpoint of ζ is not fixed, the critical points of this functional Ãλ

are the solutions of the Euler–Lagrange equations for Lλ that satisfy the natural

boundary condition

∂Lλ

∂ż
(c̃(1), ˙̃c(1)) = 1 − λ(1)

∂φL
∂ż

(c̃(1), ˙̃c(1)) = 0.

Since φL = ż − L, this condition reduces to λ(1) = 1.

The Euler–Lagrange equations of L are given by

d

dt

(
λ(t)

∂φL(c̃(t), ˙̃c(t))

∂q̇i

)
− λ(t)

∂φL(c̃(t), ˙̃c(t))

∂qi
= 0, (2.17a)

d

dt

(
λ(t)

∂φL(c̃(t), ˙̃c(t))

∂ż

)
− λ(t)

∂φL(c̃(t), ˙̃c(t))

∂z
= 0, (2.17b)

Since φL = ż − L, Eq. (2.17b) for z is just

dλ(t)

dt
= −λ(t)

∂L

∂z
.

Substituting on (2.17a) and dividing by λ, we obtain the Herglotz equations (2.16).
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2.3. Herglotz principle: Nonholonomic version

Another way to obtain the Herglotz equation of motion is through a non-linear

non-holonomic principle, the so-called Chetaev principle [43]. Instead of restricting

the space of admissible curves Ω̃L(q0, q1, z0) ⊆ Ω(q0, q1, z0) and find the critical

points on this submanifold, we directly restrict the space of admissible variations,

so that the differential of the action has to vanish only in a selection of variations.

Hence, the solutions of this principle are not necessarily critical points of the action

functional restricted to any space.

Definition 2.4. A section c̃ = (c, cz) ∈ Ω̃L(q0, q1, z0) satisfies the non-holonomic

Herglotz variational principle if Tc̃A(δc) = 0 for all vector fields δc ∈ TcΩ̃(q0, q1, z0)

such that dφL(I(δc)) = 0, where I denotes the vertical endomorphism of

T(T(Q × R)).

If δc̃ = δqi ∂
∂qi + δz ∂

∂z , then

dφL(I(δc)) = dφL

(
δqi

∂

∂q̇i
+ δz

∂

∂ż

)
= δz − δqi

∂L

∂q̇i
.

Then, the nonholonomic dynamics are given by [12, 43].

Theorem 2.5 (Herglotz’s variational principle, nonholonomic version).

Let L : TQ × R → R be a Lagrangian function and let c̃ = (c, cz) ∈ Ω̃L(q0, q1, z0).

Then c̃ satisfies the non-holonomic Herglotz variational principle if, and only if,

(c, ċ, cz) satisfy Herglotz’s equations:

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
=
∂L

∂q̇i
∂L

∂z
,

ż = L.

(2.18)

3. The Herglotz Principle for Fields

In the literature, there exists a non-covariant formulation of the Herglotz principle

for fields theories [39]. A more general approach is given in [49], although only a

class of Lagrangian functions is considered, which we call Lagrangians with closed

action dependence (see Definition 3.6).

The method presented in [49] uses an implicit argument, similar to the method

presented in Sec. 2.1 for mechanical systems. We propose two alternative methods:

the non-holonomic principle, which is compatible with the k-contact [33, 35], k-

cocontact [57] and multicontact [17] formulations; and the vakonomic principle,

which can be extended to higher-order Lagrangians.

Consider a Lagrangian function L(xμ, ua, uaμ, z
μ) depending on the coordinates

(xμ) of an m-dimensional spacetime M , the values of fields ua, their derivatives uaμ
at the point x and the variables zμ that, in this context do not represent the action,
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but the action density. In order to compute the action of a local field σ defined on

D ⊆M , we find a vector field ζμ such that

Dμζ
μ = L. (3.1)

Then, the action is ∫
Ldnx =

∫
Dμζ

μdnx =

∫
∂D

ζμημds, (3.2)

where ημ is the normal unit vector to the surface and ds is the surface differential

induced on ∂D. The last equality follows from Stokes’ Theorem. Note that if M is

one-dimensional, the action is just ζ(1) − ζ(0), and thus we recover the Herglotz

action for mechanical systems.

The critical points of this action along the local fields σ with the same values

on the boundary would be the solutions to the Herglotz field equations

Dμ

(
∂L

∂uaμ

)
− ∂L

∂ua
=

∂L

∂uaμ

∂L

∂zμ
. (3.3)

These equations are obtained in [49] through an implicit argument, in a similar

spirit to the proof of Theorem 2.1. Note that the Lagrangian theory of k-contact

fields [35] provides the same equations.

However, we find two issues on this derivation of the variational principle. First

of all, the definition of zμ in Eq. (3.1) depends on a metric on M in order to

compute its divergence. This can be easily fixed by taking zμ to be components of

a (k − 1)-differential form instead of a vector field.

The second issue is more subtle. The solution of (3.1) is not unique, and hence

the action is not well-defined. This is not a problem if the Lagrangian does not

depend on ζμ, because in this case all the solutions to (3.1) differ only by an exact

term, whose integral is zero, and does not contribute to the action, but this is not

true in general. Indeed, ζ may appear in Eq. (3.2). In [49], the authors assume some

conditions on the Lagrangian in order to find a unique solution. Moreover, (3.1)

might have no solutions and hence we will need to add more constraints in order

to ensure the existence of solutions.

One way to fix this problem is to prescribe boundary conditions on (3.1) that

make the solution unique. However, we will avoid this problem choosing a “con-

strained formulation” of this problem, in the same spirit of Theorems 2.3 and 2.5,

instead of the “implicit” approach used in [49].

3.1. Geometric structures

Let M be and m-dimensional orientable manifold representing the spacetime and

consider a fiber bundle E → M . Let (xμ, ua) be adapted coordinates on E and let

dmx = dx1 ∧ · · · ∧ dxm be a volume form on M . Then, we will denote dm−1xμ =

i ∂
∂xμ

dmx ∈ Ωm−1(M). The configuration space is the bundle π : E ×M Λm−1M →
M , because the action densities are (m− 1)-forms on M . The adapted coordinates
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of the first jet bundle J1(E ×M Λm−1M) are (xμ, ua, uaμ, z
ν , zνμ), where zν are the

coordinates of Λm−1(M) induced by the local basis {dm−1xν}ν=1,...,m. Notice that

the Lagrangian is defined in J1(E)×M Λm−1M because it does not depend on the

derivatives of zν. This is also the adequate manifold to study its dynamics [17].

Nevertheless, here we consider the first jet of the action densities because we need

to have an intrinsic definition of the constraint (3.1).

Given a coordinate system, the total derivative Dμ : C∞(J1(E×M Λm−1M)) →
C∞(J2(E ×M Λm−1M)), for μ = 1, . . . ,m, is a derivation given by

Dμf =
∂f

∂xμ
+ uaμ

∂f

∂ua
+ zνμ

∂f

∂zν
+ uaτμ

∂f

∂uaτ
+ zντμ

∂f

∂zντ
,

where f ∈ C ∞(J1(E ×M Λm−1M)).

For any section ρ : M → E×MΛm−1M , the total derivative satisfies the property

(j2ρ)∗(Dμf) =
∂(j1ρ)∗f
∂xμ

.

Given a vector field ξ ∈ X(E ×M Λm−1M) which is vertical with respect to the

projection π, its local flow γr : E ×M Λm−1M → E ×M Λm−1M is M -projectable.

Then, its complete lift to J1(E ×M Λm−1M) is the vector field ξ1 ∈ X(J1(E ×M

Λm−1M)) whose local flow is j1γr. If ξ ∈ X(E×M Λm−1M) is a vertical vector field

with respect to the projection π with local expression

ξ = ξa
∂

∂ua
+ ξν

∂

∂zν
,

its complete lift is

ξ1 = ξa
∂

∂ua
+

(
∂ξa

∂xμ
+ ubμ

∂ξa

∂ub
+ zτμ

∂ξa

∂zτ

)
∂

∂uaμ
+ ξν

∂

∂zν

+

(
∂ξν

∂xμ
+ ubμ

∂ξν

∂ub
+ zτμ

∂ξν

∂zτ

)
∂

∂zνμ
.

The Lagrangian density L : J1(E ×M Λm−1M) → ΛmM is a fiber bundle

morphism over M . In local coordinates, L(xμ, ua, uaμ, z
μ) = L(xμ, ua, uaμ, z

μ)dmx.

Although the Lagrangian does not depend on the first jet of the action variables, we

define it here in the whole jet bundle to make it compatible with the other structures

and, thus, simplify notation. In order to define intrinsically the constraint (3.1), we

define the canonical differential action form as

DS : J1Λm−1M → Λm(M)

j1α �→ dα.

This is just the usual differential map on the action variables, but it has a

particular name for its relevance in action-dependent field theories [17], and also

to distinguish it from the differential on other manifolds. In local coordinates, it



July 30, 2024 11:27 WSPC/2972-4589 354-GM 2450006

The Herglotz variational principle for dissipative field theories 163

reads

DS(zν , zνμ) = zμμdmx.

Then, the constraint (3.1) can be written as

Φ = τ∗DS − L = 0, (3.4)

where τ : J1(E ×M Λm−1M) → J1Λm−1M is the natural projection. In local

coordinates, Φ = φdmx, with φ = zμμ−L. The situation is described by the following

commutative diagram:

J1(E ×M Λm−1M)

J1E E ×M Λm−1M J1Λm−1M ΛmM

E Λm−1M

M

π1
τ

L

π̄

π

DS

ρ

j1ρ

σ
ζ

Given a submanifold D ⊂M , the set of sections that satisfy the constraint Φ is

denoted by

Ω = {ρ ∈ ΓD(E ×M Λm−1M) such that (j1ρ)∗Φ = 0}.
Then, the action associated to L is

A : Ω → R

ρ �→
∫
D

(j1ρ)∗L.

In general, the variations of this action are the elements tangent to ρ which vanish

at ∂D, which can be seen as the π-vertical vector fields along ρ. Thus, we define

TρΓD = {ξ : D → T(E ×M Λm−1M) | ξ(x) ∈ Tρ(x)(E ×M Λm−1M),

Tπ(ξ) = 0, ξ|∂D = 0}.
We want to find the sections which are “critical” for the action A under the con-

straint Φ. As we have commented before, this problem is not well formulated. The

constraint Φ involve velocities, and there are several non-equivalent ways to select

which variations have to be taken [43]. Inspired by the case of contact mechanics

[26], we will describe two different non-equivalent approaches: the non-holonomic

and the vakonomic variational principles.

3.2. Herglotz principle for fields: Non-holonomic version

The approach presented in this section is inspired on [6, 43, 64]. Let D ⊆M be an

oriented manifold with compact closure, diffeomorphic to a ball, and with boundary
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∂D. The vertical lift [53] is a morphism of vector bundles S : T∗M⊗J1(E×MΛm−1M)

V (π) → V (π1) over the identity of J1(E ×M Λm−1M) such that, for any j1xφ ∈
J1(E ×M Λm−1M), β ∈ T∗M ⊗J1(E×MΛm−1M) V (π) and f ∈ C ∞(J1

φ(x)(E ×M

Λm−1M)), we have

Sj1xφ
(β)(f) =

d

dt

∣∣∣∣
t=0

f(j1xφ+ tβ).

We have that T∗M ⊗J1(E×MΛm−1M) V (π) is the vector bundle associated to the

affine bundle π1 : J1(E ×M Λm−1M) → E ×M Λm−1M and, hence, using the same

coordinates (xμ, ua, zν , uaμ, z
ν
μ), the local expression of the vertical lift is

S = dua ⊗ ∂

∂xμ
⊗ ∂

∂uaμ
+ dzν ⊗ ∂

∂xμ
⊗ ∂

∂zνμ
.

The dependence on the velocities of the constraint is implemented in the non-

holonomic version as a force. This can be formalized in different ways. For instance,

in [6] the authors use the vertical endomorphism. In our problem, the constraint is

given by the m-form Φ instead of a function, and we find that the vertical lift gives

a more direct derivation of the equations. The vertical lift is a (2, 1)-tensor, and we

are interested in the contraction of both contravariant entries with the form dΦ:

ϕ = iSdΦ =

(
∂φ

∂uaμ
dua +

∂φ

∂zνμ
dzν
)
⊗ dm−1xμ.

Definition 3.1. A section ρ ∈ Ω satisfies the non-holonomic Herglotz variational

principle if

TρA(ξ) =

∫
D

(j1ρ)∗(Lξ1L) = 0. (3.5)

for all vector fields ξ ∈ TρΓD such that

ϕ(ξ1) = 0. (3.6)

The letter L denotes the Lie derivative and ϕ(ξ1) is the contraction of ξ1 with

the first entrance of ϕ. In local coordinates, it reads

ϕ(ξ1) =

(
∂φ

∂uaμ
ξa +

∂φ

∂zνμ
ξν
)
⊗ dm−1xμ.

Theorem 3.2. Let L : J1(E ×M Λm−1M) → ΛmM be a Lagrangian density and

let ρ ∈ Ω. Then, j1ρ satisfies the Herglotz field equations

Dμ

(
∂L

∂uaμ

)
− ∂L

∂ua
=

∂L

∂uaμ

∂L

∂zμ
(3.7)

if, and only if, ρ satisfies the non-holonomic Herglotz variational principle

(Definition 3.1).
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Proof.∫
D

(j1ρ)∗(Lξ1L) =

∫
D

(j1ρ)∗
[
ξa
∂L

∂ua
+

(
∂ξa

∂xμ
+ ubμ

∂ξa

∂ub
+ zτμ

∂ξa

∂zτ

)
∂L

∂uaμ

+ ξν
∂L

∂zν
+

(
∂ξν

∂xμ
+ ubμ

∂ξν

∂ub
+ zτμ

∂ξν

∂zτ

)
∂L

∂zνμ

]
dmx

=

∫
D

(j1ρ)∗ξa
∂L

∂ua
+
∂ξa ◦ ρ
∂xμ

(j1ρ)∗
∂L

∂uaμ
+ (j1ρ)∗ξν

∂L

∂zν

+
∂ξν ◦ ρ
∂xμ

(j1ρ)∗
∂L

∂zνμ
dmx

=

∫
D

(j1ρ)∗
[
ξa
(
∂L

∂ua
−Dμ

∂L

∂uaμ

)
+ ξν

∂L

∂zν

]
dmx

+

∫
∂D

(j1ρ)∗ξa
∂L

∂uaμ
dm−1xμ

=

∫
D

(j1ρ)∗
[
ξa
(
∂L

∂ua
−Dμ

∂L

∂uaμ

)
+ ξν

∂L

∂zν

]
dmx.

If it vanishes for all ξ satisfying Eq. (3.6), there exist functions λα ∈ C∞(J1(E×M

Λm−1M)) such that

∂L

∂ua
−Dμ

(
∂L

∂uaμ

)
= λα

∂φ

∂uaα
,

∂L

∂zν
= λα

∂φ

∂zνα
.

Combining both equations and using the expression φ = zμμ − L, we see that λμ =
∂L
∂zμ and

Dμ

(
∂L

∂uaμ

)
− ∂L

∂ua
=

∂L

∂uaμ

∂L

∂zμ
. (3.8)

The Herglotz field equations (3.7) are also called k-contact Euler–Lagrange equa-

tions [35].

3.3. Herglotz principle for fields: Vakonomic version

The approach presented in this section is inspired by the vakonomic version of

Herglotz principle [26], presented in Sec. 2.2. In the vakonomic approach, we only

consider variations that transform sections that satisfy the constraints into sections

that also satisfy the constraints. In other words, the lift of the variations to the first

jet must be tangent to the submanifold defined by the constraints. Thus, we have

the following variational principle. Let D ⊆ M be an oriented open submanifold

with compact closure and boundary ∂D.
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Definition 3.3. A section ρ ∈ Ω satisfies the vakonomic Herglotz variational prin-

ciple if

TρA(ξ) =

∫
D

(j1ρ)∗(Lξ1L) = 0 (3.9)

for every vector field ξ ∈ TρΓD such that Lξ1Φ = 0.

This kind of constrained field theories has been studied, for instance, in [10].

Under some technical conditions (see [65, Sec. 43.14.]), we can rewrite this as a

problem without constraints using Lagrange multipliers. We need to consider the

Lagrangian

Lλ = L + λΦ = (L+ λ(zμμ − L))dmx = Lλdmx,

where λ ∈ C ∞(M) is a function to be determined called the Lagrange multiplier.

Then, the action associated to Lλ is

Aλ : Ω → R

ρ �→
∫
D

(j1ρ)∗Lλ.

Corollary 3.4. A section ρ ∈ Ω satisfies the vakonomic Herglotz variational prin-

ciple if, and only if,

TρAλ(ξ) =

∫
D

(j1ρ)∗(Lξ1Lλ) = 0 (3.10)

for every vector field ξ ∈ TρΓD.

The corresponding equations are given by the following theorem.

Theorem 3.5. Let L : J1(E ×M Λm−1M) → ΛmM be a Lagrangian density and

let ρ ∈ Ω. Then, j1ρ satisfies the Herglotz field equations :

Dμ

(
∂L

∂uaμ

)
− ∂L

∂ua
=

∂L

∂uaμ

∂L

∂zμ
, (3.11)

and the condition

Dν
∂L

∂zμ
= Dμ

∂L

∂zν
, (3.12)

if, and only if, ρ satisfies the vakonomic Herglotz variational principle.

Proof. The problem is the usual non-constrained Hamilton variational problem for

the Lagrangian Lλ. Considering variations with respect to δua and δzν we obtain

the set of equations

∂Lλ

∂ua
−Dμ

(
∂Lλ

∂uaμ

)
= 0, (3.13)

∂Lλ

∂zν
−Dμ

(
∂Lλ

∂zνμ

)
= 0. (3.14)
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These equations are just the Euler–Lagrange equations when considering ua and

zν as dynamical variables. Expanding Eq. (3.14), we have

(1 − λ)
∂L

∂zμ
− ∂λ

∂xμ
= 0,

and combining it with Eq. (3.13), we find that

0 = (1 − λ)
∂L

∂ua
−Dμ

(
(1 − λ)

∂L

∂uaμ

)
= (1 − λ)

∂L

∂ua
− (1 − λ)Dμ

(
∂L

∂uaμ

)

+ (1 − λ)
∂L

∂zμ
∂L

∂uaμ
.

If λ 
= 1, we can divide by 1− λ and obtain Eq. (3.11). However, in this case, there

are hidden conditions in Eq. (3.14). Taking g = log(|1 − λ|), Eq. (3.14) implies

dg = ± ∂L

∂zν
dxν .

This has solution if and only if the right-hand side is closed, namely if

Dν
∂L

∂zμ
= Dμ

∂L

∂zν
. (3.15)

If this condition is fulfilled, since D is diffeomorphic to a ball, every closed form is

exact. Thus,

∂L

∂zν
dxν = dh, (3.16)

and so we pick g = h.

3.4. Relations between both approaches

The main difference between the non-holonomic and the vakonomic approaches is

the unexpected condition (3.12). It motivates the following definition.

Definition 3.6. A Lagrangian has closed action dependence if

Dμ
∂L

∂zν
= Dν

∂L

∂zμ
(3.17)

for any pair 1 ≤ μ, ν ≤ m.

This condition has two interesting interpretations: a variational one and a geo-

metric one. The Lagrangian has closed action dependence if, and only if, the action

of ρ = (σ, ζ) ∈ Ω only depends on σ. Equation (3.15) is obtained by taking varia-

tions of the constrained action in the ζ direction. Indeed, a Lagrangian has closed



July 30, 2024 11:27 WSPC/2972-4589 354-GM 2450006

168 J. Gaset et al.

action dependence if, and only if, for any section σ : M → E, does not exist a

family of sections ζs : M → Λm−1(M), s ∈ R, such that

dζs
ds

∣∣∣∣
∂D

= 0

and satisfying the conditions

dζs = L(j1σ, ζs) and
∂A(σ, ζ∫ )

∂s

∣∣∣∣
s=0


= 0.

The reason is because, if ∂L
∂zν induces a closed form, by Stokes’ theorem the action

only depends on the border, where the variation vanishes. This can be seen explicitly

in the example presented in Sec. 5.2.

The geometric interpretation can be obtained as follows. Let L : J1(E ×M

Λm−1M) → R be a Lagrangian function. Define the M -semibasic one-form θL ∈
Ω1(J1(E ×M Λm−1M)) as

θL =
∂L

∂zμ
dxμ, (3.18)

which is independent on the coordinates used to define it. The closed action depen-

dence condition is equivalent to

dθL = 0. (3.19)

The form θL is (minus) the dissipation form introduced in [17], where a geometric

definition is provided.

For Lagrangians with closed action dependence, both versions of the variational

principle given in Definitions 3.1 and 3.3 are equivalent. Moreover, they coincide

with the version proposed in [49] and the equations are the same as the ones derived

from the k-contact [35] and multicontact [17] formalisms.

When the Lagrangian has not closed action dependence, both principles may

be different. In Sec. 5.2, we provide an example where there are sections which are

solutions of one variational principle but not the other. In this case, only the non-

holonomic approach provides, in general, the same equations as the k-contact and

multicontact formalisms.

4. Higher-Order Lagrangian Densities

Most of the relevant field theories are modeled by first-order Lagrangians with one

notable exception, General Relativity, which is usually described with a second-

order Lagrangian. Contact gravity is specially interesting as an example of modified

gravity which may explain certain observations about the expansion of the universe

[52]. The Herglotz field equations for the Hilbert–Einstein Lagrangian with a linear

term in the action have been derived in [37, 52] with slightly different variational

methods. The method used in [37] is, essentially, the vakonomic method presented

in Sec. 3.3, showing how it can be expanded to higher-order Lagrangians. Hence, in

this section, we apply the vakonomic principle to higher-order Lagrangian densities.
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Consider the rth jet bundle Jr(E×M Λm−1M) of a fiber bundle E →M . Local

coordinates of Jr(E×M Λm−1M) will be denoted as (xμ, uaI ), where I = (I1, . . . , Im)

is a multi-index such that 0 ≤ |I| = I1 + · · · + In ≤ r. Given a local section

σ : M → E, we denote by jrσ : M → JrE its rth prolongation.

Given a coordinate system, the total derivative Dμ : C ∞(Jk(E×M Λm−1M)) →
C∞(Jk+1(E ×M Λm−1M)), for μ = 1, . . . ,m, is a derivation given by

Dμf =
∂f

∂xμ
+

k∑
|J|=0

(
uaJ+1μ

∂f

∂uaJ
+ zνJ+1μ

∂f

∂zνJ

)
,

where f ∈ C ∞(Jk(E ×M Λm−1M)).

The Lagrangian density L : Jr(E ×M Λm−1M) → ΛmM is a fiber bundle

morphism over M . Locally, L = Ldmx. The Herglotz operator [18] can be extended

to fields.

Definition 4.1. Given a Lagrangian L and an index 1 ≤ μ ≤ m, the Herglotz

operator for fields is the linear operator

DL
μ : C∞(Jr(E ×M Λm−1M)) → C∞(Jr+1(E ×M Λm−1M))

F �→ DL
μ (F ) = DμF − F

∂L

∂zμ
.

In general, these operators are not derivations and, since

(DL
μD

L
ν −DL

νD
L
μ )F =

(
Dν

∂L

∂zμ
−Dμ

∂L

∂zν

)
F,

they do not commute.

Lemma 4.2. The Herglotz operators commute if, and only if, the Lagrangian has

closed action dependence.

For Lagrangians with closed action dependence, we can denote the successive

applications of the Herglotz operator with multi-index notation as

DL
I =

m∏
μ=1

(DL
μ )Iμ .

The constraint is implemented as in the first-order case, that is

Φ = (τr1 )∗DS − L = 0, (4.1)

where (τr1 ) : Jr(E×M Λm−1M) → J1Λm−1M is the projection. In local coordinates,

Φ = φdmx, with φ = zμμ −L. Let D ⊆M be an oriented manifold diffeomorphic to

a ball and with boundary ∂D. The set of sections on D which satisfy the constraint

is denoted by

Ω = {ρ ∈ ΓD(E ×M Λm−1M) such that (jrρ)∗Φ = 0}.
In the following definition, we introduce the higher-order version of the vako-

nomic variational principle presented in Definition 3.3.
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Definition 4.3. A section ρ ∈ Ω satisfies the higher-order vakonomic Herglotz

variational principle if

TρA(ξ) =

∫
D

(jrρ)∗(LξrL) = 0, (4.2)

for every vector field ξ ∈ TρΓD such that LξrΦ = 0.

As before, we have an equivalent version of this variational principle based on

Lagrange multipliers [10]. Consider the modified Lagrangian

Lλ = L + λΦ = (L+ λ(zμμ − L))dmx = Lλdmx.

Then, the action associated to Lλ is

Aλ : Ω → R

ρ �→
∫
D

(j1ρ)∗Lλ.

Corollary 4.4. A section ρ ∈ Ω satisfies the higher-order vakonomic Herglotz

variational principle if, and only if,∫
D

(jrρ)∗(LξrLλ) = 0, (4.3)

for every vector field ξ ∈ TρΓD.

Theorem 4.5. Let L : Jr(E ×M Λm−1M) → ΛmM be a Lagrangian density and

let ρ ∈ Ω. Then, jrρ satisfies the higher-order Herglotz field equations∑
I

(−1)|I|DL
I

(
∂L

∂uaI

)
= 0

and the condition

Dν
∂L

∂zμ
= Dμ

∂L

∂zν
,

if, and only, if ρ satisfies the higher-order vakonomic Herglotz variational principle.

Proof. We proceed in a similar way to the first-order case. The Euler–Lagrange

equations of Lλ are given by∑
I

(−1)|I|DI

(
λ
∂Lλ

∂uaI

)
= 0, (4.4)

λ
∂Lλ

∂zν
−Dμ

(
λ
∂Lλ

∂zνμ

)
= 0. (4.5)

Since Lλ does only depend of ζ and its first derivatives, higher-order terms in

Eq. (4.5) vanish. Taking into account the definition of Lλ, we have

(1 − λ)
∂L

∂zν
− ∂λ

∂xμ
= 0. (4.6)
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Repeating the argument used in the first-order case, this has solution λ(xμ) if

and only if

Dν
∂L

∂zμ
= Dμ

∂L

∂zν
.

That is, there only exist solutions where L has closed action dependence. Hence,

by Eq. (4.6), we see that, for any function F ,

Dμ((1 − λ)F ) = −Dμ(λF ) = −λDL
μF.

Substituting the above expression in (4.4), we obtain the higher-order Herglotz field

equations.

These equations are compatible with the ones derived in [37] for the Hilbert–

Einstein Lagrangian.

5. Examples

5.1. Vibrating string with damping

In this example, we are going to study how we can derive the equation of a vibrating

string with damping from a Herglotz principle. It is well known that a vibrating

string can be described using the Lagrangian formalism. Consider the coordinates

(t, x) for the time and the space. Denote by u the separation of a point in the string

from its equilibrium point, and hence ut and ux will denote the derivative of u with

respect to the two independent variables. The Lagrangian function for this system is

L0(u, ut, ux) =
1

2
ρu2t −

1

2
τu2x, (5.1)

where ρ is the linear mass density of the string and τ is the tension of the string.

We will assume that these quantities are constant. The Euler–Lagrange equation

for this Lagrangian function is

utt = c2uxx,

where c2 = τ
ρ .

In order to model a vibrating string with linear damping, we can modify the

Lagrangian function (5.1) so that it becomes a k-contact Lagrangian [35].

The new Lagrangian function L is defined in the phase bundle ⊕2TQ × R
2,

equipped with adapted coordinates (u;ut, ux; zt, zx), and is given by

L(u, ut, ux, z
t, zx) = L0 − γzt =

1

2
ρu2t −

1

2
τu2x − γzt,

where γ ∈ R is a constant accounting for the damping.

The Herglotz equation (3.3) for this Lagrangian L reads

utt = c2uxx − γut,
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which is the equation of a vibrating string with damping. The additional Eq. (3.12),

Dν
∂L

∂zμ
= Dμ

∂L

∂zν
⇔
⎧⎨⎩−∂tγ = 0,

−∂xγ = 0,

is trivially satisfied since γ is constant, and hence the equations obtained are exactly

the same as in the k-contact Lagrangian formalism introduced in [35]. The next

example presents a case in which both approaches are not fully equivalent.

5.2. The non-holonomic and the vakonomic principles are not

equivalent

Consider the Lagrangian

L(t, x, u, ut, ux, z
t, zx) =

1

2
(u2t + u2x) − uγxz

x,

where γx 
= 0 is a constant. The Lagrangian function L is regular in the sense

of [17, 35]. This Lagrangian has not closed dependence action. The corresponding

Hergltoz field equations are

γxz
x + uxx + utt + uγxux = 0,

ztt + zxx = L.
(5.2)

A solution of these equations is the section u(t, x) = t, zx(t, x) = 0 and zt(t, x) = t
2 .

Nevertheless, for this section, we have

Dt
∂L

∂zx
= Dx

∂L

∂zt
⇒ γxut = 0 ⇒ γx = 0,

which is not satisfied as long as γx 
= 0. Therefore, this section is a solution of

the non-holonomic variational principle, but it is not a solution of the vakonomic

variational principle. Therefore, both principles are not equivalent.

5.3. The Korteweg–de Vries Lagrangian

The KdV equation is used to model waves on shallow water [48]. This equation

can be derived as the Euler–Lagrange equation of a second-order Lagrangian. We

will use the higher-order vakonomic Herglotz variational principle introduced in

Definition 4.3 to derive the equations of motion of a contact analogue of the KdV

Lagrangian.

KdV equation involves a scalar field over time and one dimension of space.

Therefore, we consider a 2-dimensional base manifold M , with coordinates (t, x).

Then, in the second-order jet J2(R× Λ2M) we consider the coordinates

(t, x, u, ut, ux, uxx, uxt, utt, z
t, zx, ztt , z

t
x, z

x
t , z

x
x , z

t
tt, z

t
tx, z

t
xx, z

x
tt, z

x
tx, z

x
xx).
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The standard KdV Lagrangian is

L0 =
1

2
uxut + u3x − 1

2
u2xx. (5.3)

The Euler–Lagrange equation one obtains from this Lagrangian is

∂t∂xu+ 6∂xu∂
2
xu+ ∂4xu = 0. (5.4)

Let us now consider the KdV Lagrangian with a linear action coupling

L = L0 − γμz
μ =

1

2
uxut + u3x − 1

2
u2xx − γμz

μ, (5.5)

which has closed action dependence provided that γμ are the components of a

closed form. This is a second-order Lagrangian, so we need to use the Herglotz field

equations derived in Theorem 4.5. The Herglotz field equation reads

∂t∂xu+
1

2
(γx∂tu+ γt∂xu) + 6∂xu∂

2
xu+ 3γx(∂xu)2 + ∂4xu+ (2γx + ∂xγx)∂3xu

+ γ2x∂
2
xu = 0, (5.6)

along with the constraint

ztt + zxx = L.

One sees that there are additional terms which are linear in the γμ, which also

appear in the first-order theory, as well as quadratic terms in γμ and involving their

derivatives, which are characteristic of a second-order theory.

6. Conclusions and Outlook

In this paper, we have developed a generalization of the Herglotz variational prin-

ciple [25, 46] for first-order and higher-order field theories. In order to do this, we

have developed two non-equivalent approaches: the non-holonomic and the vako-

nomic versions. We have seen that the non-holonomic approach is equivalent to the

k-contact [35, 57] and multicontact [17] geometric formulations of dissipative field

theories. On the other hand, using the vakonomic principle, some new conditions

arise. This fact motivates the introduction of the so-called Lagrangians with closed

action dependence, for which both approaches are equivalent.

The differences between the non-holonomic and the vakonomic principles have

been exemplified with an academic example which has a solution to its k-contact

Euler–Lagrange equations that is not a solution to the Herglotz field equations

arising from the vakonomic variational principle. This is because the Lagrangian

considered has not closed action dependence.

We have also studied a first-order field theory, the damped vibrating string,

for which the k-contact formalism and the Herglotz variational principle are fully

equivalent. The last example consisted in modifying the KdV Lagrangian by adding

a standard dissipative term.
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In [49], a variational principle for Lagrangians with closed action dependence is

derived using an implicit argument. More specifically, they assume the existence of

a particular function f in order to find a solution of (the variations of) (3.1). The

function f turns out to be the function g in the proof of 3.5. It will be interesting to

extend this implicit approach without assuming that the Lagrangian has a closed

action dependence. This will require a close analysis of equation (3.1) and deeper

understanding of the condition of closed action dependence (3.17).

There are still many open problems in the geometrization of action-dependent

field theories. In first place, it would be interesting to establish the relations among

the different geometric frameworks (k-contact, k-cocontact and multicontact) and

the variational principles presented in this work and previous one. Another relevant

problem is the case of field theories described by singular Lagrangians.

There are some singular Lagrangians which are not compatible with the current

geometric structures, not even a weakened version of them [15]. Nevertheless, we

can derive their corresponding field equations via variational principles. We expect

this work will help in the understanding of the underlying geometric structures of

these singular Lagrangians.
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[46] G. Herglotz, Berührungstransformationen, Lectures at the University of Gottingen
(1930).

[47] A. L. Kholodenko, Applications of Contact Geometry and Topology in Physics (World
Scientific, 2013), https://doi.org/10.1142/8514.

[48] D. J. Korteweg and G. de Vries, On the change of form of long waves advancing in a
rectangular canal, and on a new type of long stationary waves, Phil. Mag. 39 (1895)
422–443.

[49] M. J. Lazo, J. Paiva, J. T. S. Amaral and G. S. F. Frederico, An action principle
for action-dependent Lagrangians: Toward an action principle for non-conservative
systems, J. Math. Phys. 59(3) (2018) 032902, https://doi.org/10.1063/1.5019936.

[50] P. Libermann and C.-M. Marle, Symplectic Geometry and Analytical Mechanics
(Springer Netherlands, Reidel, Dordretch, 1987), https://doi.org/10.1007/978-94-
009-3807-6.
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